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Simplicial Homeology and Homeotopy 

Qibing Zheng and Feifei Fan 



Abstract. In this paper, we define homeology group, reduced homeology group, cohomeology group and 
reduced cohomeology group on finite simpicial complexes and prove that these groups are homeomorphism 
invariants of polyhedra. We also define homeotopy type of polyhedra which is finer than homotopy type but 
coarser than homeomorphism class. 



Simplicial theory are getting more and more important as the toric topology develops. But so far, there 
are only algebraic homotopy invariants of polyhedra. The torsion group of face ring is a simplicial invariant 
p-H ■ that is not a homeomorphism invariant. In this paper, we define homeology group H^ t , reduced homeology 

group -HJ t , cohomeology group Hp l and reduced cohomeology group Hp* for all simplicial complexes and 

(-h prove that these groups are homeotopy invariants of polyhedra that are not homotopy invariants but are 

homeomorphism invariants. In fact, (co)homology is the limit (the convergence group) of (co)homeology 

(spectral sequence) . An equivalent homeotopic relation is defined between solid maps and homeotopy type of 

polyhedra is defined on homeotopy. Homeotopy types of polyhedra are finer than homotopy types but coarser 

than homeomorphism classes. For example, (co)homeology group distinguishes disks of different dimension 

and many other contractible polyhedra. 

>, 
04 ' 1. Homeology and cohomeology spectral sequence 

en '. 

£*\j , The following definition is a brief review of finite simplicial complex theory. 



Definition 1.1 A (finite, abstract) simplicial complex K with vertex set S is a set of subsets of the finite 
set S satisfying the following two conditions. 

1) For all s G S, {s} G K. 

2) If a G K and t C a, then r G K . Specifically, the empty set <f> G K . 

A simplicial subcomplex L of K is a subset L C K such that L is also a simplicial complex. 

For simplicial complexes K and L with respectively vertex set S and T, a simplicial map / : K — > L is a 
map / : S — > T such that for all a G K , f{u) G L. K is simplicial isomorphic to L if there are simplicial maps 
/: K — s> L and g: L — > K such that fg = II and gf = Ik {Ik and \l denote the identity map). 

An element a of a simplicial complex K is called an n-simplex of K if a has n-\-\ vertices of 5* and |<r| = n 
is the dimension of a. Specifically, the empty simplex <j> has dimension — 1. The dimension of K is the biggest 
dimension of its simplexes. A face of a simplex a is a subset r C a. A proper face is a proper subset. For a 
simplex a of K, the link of a is the simplicial subcomplex link^cr = {r € K | <tUt G K 1 oV\t — </>} and 2 CT is 
the simplicial subcomplex of K consisting of all faces of a and da is the simplicial subcomplex of K consisting 
of all proper faces of a. 

The geometrical realization of a simplicial complex K is the topological space \K\ defined as follows. 
Suppose the vertex set S = {v\, ■ ■■ ,v m }. Let e ; G W n be such that the z-th coordinate of e^ is I and all 
other coordinates of e^ are 0. \K\ is the union of all the convex hull of &i ,- ■ ■ , e,- s such that {vi , ■ ■ ■ ,v ig } is 
a simplex of K . The geometrical realization of the simplicial map / : K — > L is the map from \K\ to \L\ that 
linearly extends / which is still denoted by /. The convex hull of e$ , • • • , ei s is a geometrical s-simplex of \K\. 
A polyhedron A is a topological space that is homeomorphic to the geometrical realization \K\ of a simplicial 
complex K and K is a triangulation of X. 

A stellar subdivision of K on the simplex a is the simplicial complex S a (K) defined as follows. If <r = <j), 
then S<f,(K) = K. If \a\ = 0, then S a (K) is simplicial isomorphic to K by replacing the unique vertex w 
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of a by a new vertex v. If \a\ > 0, then the vertex set of S a (K) is the vertex set of K added with a new 
vertex v and S a (K) = (^-{cr}*link/fcr) U G(<9cr*linki<-cr) = {r eiC | cr^r} U {{vjUa'Ur \ a' eda, relink^}. 
Two simplicial complexes are stellar equivalent if one can be obtained from another by a finite composite of 
stellar subdivision or its inverse. Two polyhedra are homeomorphic if and only if they have stellar equivalent 
triangulations(see pQ and |19j). 

The following definition is a brief review of simplicial homology and cohomology theory. We always regard 
the simplicial chain complex (C*(X),(i) and its dual cochain complex (C*(K),8) as the same chain group 
C*(K) = C*{K) with different differentials d and 8. This trick is essential for the definition of (co)homeology 
spectral sequence. 

Definition 1.2 Let K be a, simplicial complex with vertex set S. The k-th chain group Ck{K) = C k (K) 
of K is the Abellian group generated by all ordered sequence [vq,vi,- ■ ■ ,Vk] of elements of S modular the 
following zero relations, [vq, • • • , Vk] = if Vi = Vj for some i =/= j. If there is no repetition in [vq, • • • , Vk], 
then [«o, ■ • • , Ufc] = if {vq, ■ ■ •, V}~\ $_ K and [■ • • , Vi, ■ ■ ■ , Vj, ■ ■ ■] = — [• • • , Vj, ■ ■ ■ , Vi, ■ ■ ■] (the omitted part 
unchanged) for all i < j. Denote the unique generator of C-i(K) by [] or [(j)]. [vq, ■ ■ ■, Vk] ^ is called a chain 
simplex of K of dimension k. The graded group C* (K) = (Bk^oGk(K) = C*(K) and G*(if) = ©fc^-iGfc(if) = 
C*{K) are respectively the chain group and augmented chain group of K. 

The simplicial chain complex (C*(K),d) and simplicial cochain complex (C*(K),S) of K are defined as 
follows. For any chain simplex [vq, ■ ■ ■ ,Vk] (vt rneans canceling the symbol from the term), 

d[v ,--- ,Vk] = E^ =0 (-l)*[uo,"- ,«»,-'• > v k], d[vo] = 0, 
8[v ,- ■■ ,v k ] = S we s[u,uo,' •• ,«„]. 
H*{K) — H*{C*{K),d) and H*(K) = H*(C*(K),S) are respectively the homology and cohomology of X. 
For an Abellian group G, H*(K\G) = H*(C*(K)®G,d) and H*(K:G) = H* : (G* (K)(g>G , <5) are respectively 
the homology and cohomology of if over G. 

The reduced simplicial chain complex (C*(if),d) and reduced simplicial cochain complex (C*(K),8) of 
if are defined as follows. For a e G*(if) with |cr| > 0, da = tier, d[v] = [] and d[] =0. For a £ G*(if) with 
\a\ ^0,Sa = 8a and 5[] = EuesM- #*(#") = H*{C*{K),d) and ff*(Jf) = H*{C*{K),8) are respectively 
the reduced homology and cohomology of if. For an Abellian group G, H*(K;G) = H*(C*(K)®G,d) and 
H*(K; G) = H*(C*(K)®G, 8) are respectively the reduced homology and cohomology of if over G. 

If L is a simplicial subcomplex of if, the relative chain group G*(if, L) = G*(if)/G*(L) = C*(K, L). The 
relative simplicial chain complex (Gt(K,L),d) is the quotient complex (G*(if), cf)/(G*(-L),<i). The relative 
simplicial cochain complex (C*(K,L),8) is the natural cochain subcomplex of (C*(K),5) generated by those 
chain simplexes of C*(K) that is not a chain simplex of C*{L). We have short exact sequences 

0->-G*(Z,)->G*(if)->G*(if,I,)->0 
->■ C*(K,L) ->• G*(if) -> C*(£) -> 
that induce long exact sequences 

► iJ„(L; G) -► #„(if ; G) -»■ H n (K, L; G) -> #„_i(£; G) -> • • ■ 

> H n - l (L-G) -> H n (K,L;G) -> H n (K;G) -> H n {L;G) -4- ••• 

Convention Notice the difference between simplex and chain simplex. A chain simplex is a symbol and 
a simplex is a set. A chain simplex corresponds to a unique simplex consisting of all the vertices of the chain 
simplex. If there is no confusion, we use the same greek letter a, r, • ■ ■ to denote both the chain simplex 
and the simplex it corresponds to. For two simplexes a and r, aC\r and erUr are naturally defined. But for 
two chain simplexes a and r, aC\r and aUr are not defined. For two chain simplexes a = [vo,-- •,w m ] and 
t = [wq, ■ ■ ■, w n ] such that the corresponding simplex aC\r = 0, denote ctUt = [vq, ■ ■ -,v m , wq, ■ ■ -, w n ] and 
rUcr = [w ,---,w n ,v ,---,v m }- 

Definition 1.3 For a simplicial complex K, the double complex (T*'*(K),A) 
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is defined as follows. T*'*(K) is the subgroup of G*(if)<g)G*(if) generated by all tensor product of chain 
simplexes a®T such that ctCt and A: T s <* ->■ T s - 1 -*eT s '* +1 is defined by A(cr®r) = (dcr)®r+(-l)l' T lcr(g)(<5r). 
In another word, (T*'*(K), A) is the double subcomplex of (C*(K),d)®(C*(K),5) generated by all tensor 
product of chain simplexes a®T such that ctCt. The cohomeology spectral sequence {if*'* (if), A r } r = 0, 1, • • • 
of if is induced by the horizontal filtration F„ = ® S ^„T S '* with A r : H*'* — > H^~ r ~ 1 ' t ~ r . Notice that to make 
the notation simple, the cohomeology spectral sequence starts from r = 0. For r > 0, H*>*(K) is called the 
r-th cohomeology group of if. H^*(K) is simply denoted by H* , *(K) and is called the cohomeology group of 
if. For an Abellian group G, define T*'*(K; G) — T*'*(if )(g>G and we have similar definition of cohomeology 
spectral sequence or r-th cohomeology group H*'*{K; G) of K over G 
Similarly, the augmented double complex (T*'*(K), A) 

y2,2 

i ; 

J>1,1 J^ rpl,2 

y0,0 A j!0,l A y0 : 2 

<^ d* d^ 

is the double subcomplex of (G*(if), <i)<g)(G*(if), 6) generated by all product of chain simplexes cr0r such that 
erCr. The reduced cohomeology spectral sequence {.ff*'*(if), A r } of K is induced by the horizontal filtration 
K = ® si :nT s '* with A r : Hp 1 ->■ H°- r - 1 < t - r . For r > 0, H*>*{K) is called the r-th reduced cohomeology 
group of i\T. Hl'*(K) is simply denoted by H*'*(K) and is called the reduced cohomeology group of if. For 
an Abellian group G, define T*'*(K; G) = T*'*(K)®G and we have similar definition of reduced cohomeology 
spectral sequence or reduced r-th cohomeology group Hp f {K\ G) of K over G 

Dually, define (T^(K),D) = ((T*<*(K))*,A*) = (Hom z (T*'*(if),Z), A*). Then we may regard T^{K) 
and T*'*(K) as the same group with differential D defined by 

D([v ,--- ,v m ]®[v ,--- ,v m ,v m+ i,--- ,v m+n \) 

= Y,y =1 (-l) m+J [v ,--- >V m ]<8)[vo,--- ,V m ,V m +l,--- ,V m +j,--- ,",„+„] 

The homeology spectral sequence {iij t (if), D r } r = 0, 1, • • • of if is induced by the horizontal filtration 
F n = ®s^ n T s ,* with D r : H r st -> iij +r+ i. t+r - For r > 0, H*>*(K) is called the r-th homeology group of 
if. Hi ^(K) is simply denoted by H*^(K) and is called the homeology group of if. For an Abellian group 
G, define T* *(K;G) — T tt (K)®G and we have similar definition of homeology spectral sequence or r-th 
homeology group iij t (if ; G) of K over G. The reduced homeology spectral sequence and groups are similarly 
defined. 

Convention All the spectral sequence in this paper starts from r = so that all the (co)homeology 
spectral sequence is an homcomorphism invariant from r ^ 1. All the definitions, theorems and proofs have 
their duals. We always give the dual definitions and theorems but the proof, we only give the natural one and 
omit the dual proof. 

Theorem 1.4 Let if be a simplicial complex and G be an Abellian group. The reduced cohomeology 
and homeology spectral sequence of if over G satisfy that 

H»> s+t+1 (K;G) = © w=a &* (linger; G), (#*'*(if ; G), A ) - (® ctG k H*(lmk K a; G), A ), 
ii s ° s+t+1 (if;G) = ® H = s H t (lmk K a;G), (#°,(if;G),£>°) = (® aeK H„{Ymk K <j;G),D% 
with differential on the right side defined as follows. Suppose a = {t>o, • • ■,%} G if and Oi = er— {v,}. 
Then 5„ i : (G*(link^cr), (5) — )• (G*(link^<Ti), <5) and d Vi : (G*(link^«7i),d) —¥ (G*(link^cr), d) arc dual homo- 
morphisms defined by 8 Vi {r) — tU[uj] for all chain simplex r G link^-cr. Denote x£H* (linker; G) by [x] T in 
® CTG x ii* (link K er;G), then A ([a;] T ) = E^K.Mk with t.UJv;} = r. Denote yG#* (linker; G) by [y] T in 

® ffeA: ii*(linkKcr;G), then D°([y] T ) = £„.[c^(y)] n with rU{«i} = t,. 

The cohomeology and homeology spectral sequence of if over G satisfy that 

H s,s+t+i {K . G) = 9w=a 5*( ]inkjf£r . G !) ) (ii*^(if;G),A ) = (® ffe ^ CT ^H*(link x a;G),Ao), 

ii s ° s+t+1 (if;G) - ® w=s # t (link*<7;G), (#°*(if ; G),D°) = {®aeK,a?<f>H*{link K a;G),D ), 
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with differential on the right side defined as follows. Ao([x],) = Ao([x] (J ) if \a\ >0 and Ao([x] CT ) = if |cr|=0 
and (H° t „(K),D°) is a double subcomplcx of (H^(K),D°). 
For any nJ^O, there are exact sequences 

-4 H°' n (K; G) -4 H°' n (K; G) -4 #"(#; G) -4 H- hn (K; G) -4 0, 

-4 H_^ n {K- G) -»• # n (#; G) -4 F ,n(# ; G) -4 #o,n(#; G) -4 0, 
and # s >"(#; G) = ff s '"(if ; G), ^(if; G) - i7 s , n (#; G) if «>0. 

Proof We only prove the cohomeology case. The homeology case is totally dual. 

T U ' V (K) is generated by product of chain simplexes a®a' such that erCcr', \a\=u, \a'\=v. Equivalently, 
T s ' s+t+1 (K) is generated by all product of chain simplexes cr<8>(TUer) such that adr = (j), \<r\ = s, \t\ = t. So 
the correspondence cr(g)(rUcr) -4 [t] ct induces a graded group isomorphism g>: T*'*(K) — > (B a eKG* (link^ a). 
Define A on the latter group by A([t] ct ) = E„ £ff K( T )L-W + (- 1 ) I ' t| ['5( t )]<t- Suppose cr = [v Q ,--;V n ] and 
r = [w ,--;W m ]. Then 

£>A([l) , • • •, v n ]®[w , ■ ■ ; w m , v , ■ ■ -, v n ]) 
= e(S" =0 (-l)*[vo, ■•• ,*»,-•■ ,w„]®[wo,---,w m , wo, ■•;v n ]) 

+ Q(E{w,w ,- , Wm }elinkjrff(- 1 ) n [ u O, • • • , Un]®[w, ^0, • " • , W m , U , • • ■ , U n ]) 
= E?L [wo,--- ,W n ,Vi} {vo ,... ti ,.,..., Vn} + (-l) n [5([wo,--- ,W m ])]{v ,-,v n } 
= A([w ,--- ,W m ]{v ,-,v n }) 

= Ag([v , • • •, w„](g)[w , • • •, w m , uo, • • •) v„]). 

So q is a well-defined double complex isomorphism that induces a spectral sequence isomorphism with H^'* 
isomorphism as in the theorem. 

Define trivial double complex U*'*(K' L G) by U'^^K; G) = H^\K- G) = H\K; G) and U S ^{K ; G) = 
if s^O. Then U*'* is a subcomplex of (Hq'*,Ao) and the quotient complex is just (Hq'*, Ao). So from the 
long exact sequence induced by the short exact sequence -4 [/*'* -4 i^'* -4 iJg'* 4 we get the relation 
between the reduced cohomeology group and cohomeology group. 

From the proof of the above theorem we know that there are two ways to describe the structure of 
(T*'*(K;G), A). One way is to denote the generators by a®a' with A(a®a') = (da)(gia' + (-l)l°V®(c><7'). 
The other is to denote the generators by [t] ct (r e link^cr) with A([r] (T ) = J2 vea [S v (T)} a -{v} + (— l)'* 7 [<5( T )]o-- 
We have to use both in later proofs. But we only denote the generators of (Hq'*(K; G), Aq) in one way, i.e., 
[x\c, with x G _ff*(hnk^-er; G). The reduced case and the homeology case are the same. 

Remark We can similarly define U S: t{K) = C s (K)®C t (K c ) generated by all cr®T with a 6 K and 
t g" K such that a C r and A{o®t) = {da)®T + (— 1)I <t I<7<8)(<5t). Then the i?-spectral sequence of K 
{Rp t (K) 7 A r } induced by the vertical filtration R n = ® s ^nU* lS satisfies Rq*(K) = ® a gKH*{K\ a ) ) where 
K\ a = {t<eK j tCc}. But this spectral sequence is neither a homeomorphism or homotopy invariant of K nor 
a homeomorphism or homotopy invariant of the Alexander dual K* of K. 

Definition 1.5 Let L be a simplicial subcomplcx of K. (T* t *(L),D) and (T* t *(L),D) are respectively 
double subcomplexes of (T* jlf (K),D) and (T*^(K),D). Define relative double complex (T* t *(K,L),D) and 
(T* t *(K,L),D) respectively to be the corresponding quotient double complex and so we have a short exact 
sequence of double complexes 

-4 T\^(L) -4 T* t *{K) -4 T^(K,L) -4 0, 

-4 T,,,(i) ^ T*,.^) ^ T*^{K,L) -4 0. 
The relative homeology spectral sequence H^(K, L; G) and the relative reduced homeology spectral sequence 

HI *(K,L; G) are the spectral sequence induced by horizontal filtration. 

Dually, there are relative double complexes (T*'*(K, L), A) and (T*'*(K, L), A) and short exact sequence 
of double complexes 

-4 T*'*(K, L) -4 T*>*(K) -^ T*>*(L) -^ 0, 

^ T*'*(K, L) -^ T*^*{K) -^ T*>*(L) -^ 0. 
The relative cohomeology spectral sequence H*'*(K,L;G) and the relative reduced cohomeology spectral 
sequence H*'*(K, L; G) are the spectral sequence induced by horizontal filtration. 
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Notice that we have long exact sequence of Hq, Hq and H°, H° groups from the short exact sequence 
of double complex and relative double complex but can not generally get a long exact sequence of (reduced) 
homeology and (reduced) cohomeology groups. 

Definition 1.6 For a simplicial complex K, a block complex 23k = {b na } of K is a set of simplicial 
subcomplexes b n . a (called an n-block) of K that satisfies the following conditions. 

1) Every b n><x is a triangulation of disk D n . Specifically the empty simplicial complex b-i >( f, is the only 
(— l)-block of !Bjf that is regarded as a triangulation of D~ l = (p. 

2) | AT | = Ufc n a £<s K (\b n ^ a \ — \db n>a \), where | • | denotes the underlying set of the geometrical realization 
space and U is the disjoint union of sets. 

Specifically, 23^ = {2 a } ae K is a block complex of K which is called the trivial block complex of K. 
bm.a is called a face of b n ^ if 6 m , Q C b n jj. b mM is called a proper face of b n ^ if b m ^ a C db n ^. 

From the definition of block complex we have the following conclusions that is very important for later 
proofs. 

For n Js 0, every boundary of an n-block is the union of some (n— l)-blocks, i.e., for every b n . a G 23k, 
there are b n -i, ai , • • • , b n -i,a k S 23k such that db n . a — U* =1 6 n _i ia4 . For any two different blocks b n , a and b n ,p 
of the same dimension, b n ^ a Ob n ,p is the union of their mutual proper faces. For two different blocks b m ,a and 
b n ,/3 such that m < n, either b m ^ a is a proper face of b n $ or b m ^ a Db n ^ — {0}. For n > and every a € db nMl 
linkb re a a is a triangulation of Z) n_ l (7 l _1 . 

Definition 1.7 Let 23k be a block complex of a simplicial complex K. C/c(23k) = C fc (23if) is the 
free Abellian generated by all fc-blocks of 23k- The graded group C»(23k) = ffifc>oCfc(23x) = C*(23k) and 
C*(23k) = ©fe^-iC'fe(23x) = C*(23k) are respectively the block chain group and augmented block chain 
group of 23 k. 

The block chain complex (C*(58j<-),d) and block cochain complex (C*(23k),<5) of 23 k arc defined as 
follows. Take an orietation on every block of 23k- That is, for n > 0, all the chain n-simplexes of a given 
n-block b 7lt a are devided into two classes, the class of positive chain simplexes and the class of negative chain 
simplexes. All the chain simplexes of a block of dimension or —1 are positive. For two blocks b nyCC and 
b n -i,p, the connecting coefficient [a; j3] is defined as follows, [a; 0\ = if b n -i,p is not a face of b n , a ; [a; /?] = 1 
if there is a positive chain simplex [vo, fi ■ ■ ■ , £>«] of 6„ ia such that [vi, • ■ ■ , v n ] is a positive chain simplex of 
bn-1,/3', [ a ', 0\ = — 1 if there is a positive chain simplex [vo, t>i, ■ ■ ■ , v n ] of 6„ :Q such that [«i, • • • , v n ] is a negative 
chain simplex of b n -i,p- It is obvious that the connecting coefficient is independent of the choice of the chain 
simplex. Then 

d{b n , a ) = Z)h„_ 1 l3e <s K [a;/3]b n ^ 1 . l3 for n > 0, d(b . a ) = 0, 
5{b n , a ) = Eb n+li3e <B K [a;/3]^+i,^for n ^ 0. 

The augmented block chain complex (C , *(23^),rf) and augmented block cochain complex (C"(Sjf ), S) of 
23^ arc defined by that d(b n>a ) = d{b n ^ a ) if n > 0, d(bo, a ) = b-i^, d{b-\ t< f,) = and 5{b n>a ) — 5(b n<a ) if n ^ 0, 
S(b-i,cf,) = X)^o,« with 6o,« taken over all 0-blocks. 

Definition 1.8 For a block complex 23 k of a simplicial complex K, the double complex (T*'*(23k), A) is 
the double subcomplex of (C*(23k), cO®(C'*(23k), <5) generated by all tensor product of blocks b m ^ a ®b n ,p such 
that b m ^ a cb n ,f3- The cohomeology spectral sequence {if*'* (23 k ), A r } r = 0, 1, • • ■ of 23 k is induced by the 
horizontal filtration F n = ® S ^„T S <* with A,. : H s r l ->• Hfr r - lt - r . Hp*{<& K ) is called the r-th cohomeology 
group of 23k- -ffi'*(23if) is simply denoted by H*'*(*&k) and is called the cohomeology group of 23k- For an 
Abellian group G, define T*'*(23k; G) = T*'*(23k)<S>G and we have similar definition of cohomeology spectral 
sequence or r-th cohomeology group iJ*'*(23K; G) of 23k over G. 

The augmented double complex (T*>*(23k), A) is the double subcomplex of (C'*(23k), 5)«i(C'*(23k),?) 
generated by all tensor product of blocks b m . a ®b n .fj such that b m .aCb n .ji. The reduced cohomeology spectral 
sequence {^'*(23k), A r } of 23k is induced by the horizontal filtration F n — S ^„T S '* with A r : Hp l -> 
Hfr r ~ 1 - t ~ r . Hf/^x) is called the r-th reduced cohomeology group of 23k- Hi*{*Bk) is simply denoted by 
H*'*(*&k) and is called the reduced cohomeology group of 23k- H^^Bk', G) is similarly defined. 

Dually, the double complex (T» .*(23k), D) is defined as follows. T*„(23k) = T*'*(23k) is the same 
bigraded Abellian group but the differential is defined by 

D(bm,a®b n .j3) 

= £ [a; a]b m +i,<T®b n ,fl + S (-l) m [,3; r]6 m , Q (8i6 n _i, r , 
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where the sum is taken over all blocks such that b m ^ a C 6 m +i )CT C b n $ and 6 m , a C b n -\,r C fc n ,/3- The 
homeology spectral sequence {ifJ t (Q5jc), D r } r = 0, 1, • • ■ of iB/c is induced by the horizontal filtration F n — 
®s> n T s -* with A r : H r st -> i?J +r+1 >t+r . HI^k) is called the r-th homeology group of 23 K . Hl^ K ) is 
simply denoted by ff*,*(55if) and is called the homeology group of 03 #. For an Abellian group G, define 
T* ; *(5Bif ; G) = T* ,*(Q5jf )®G and we have similar definition of homeology spectral sequence or r-th homeology 
group HI^k-G) of 23 K over G. 

The augmented double complex (T».»(23k), D) is the dual double complex of (T*'*(03r-), A) with D the 
generalization of I? in that (— l)-block is allowed in the formula. The reduced homeology spectral sequence or 
r-th homeology group ff^,(!B^; G) of 23 #- over G is similarly defined. 

Theorem 1.9 Let 23 ^ be a block complex of a simplicial complex K and G be an Abellian group. For 
b m ,a G 23^, define C„(23 m . Q ) = G™(03 TOja ) to be the free Abellian group generated by all blocks b n ,p £ 23 
such that b m ^ a c &„,£ and C*(03 m , Q ) = ©„^ m C"(23 m , Q ). Let (C*(23 m , Q ),<5) be the cochain subcomplex of 
(C*(*Bk),8) and denote its dual complex by (G*(03 TO)Cl ),d) which is not a chain subcomplex of (G*(03i<-),d). 
Define #*(03 ro , a ;G) = F*(G*(03 m , a )®G,<5) and tf*(03 ro , a ;G) = tf*(G*(03 m , a )®G,d). For 6 m , Q c &,,„, 
(G*(23 s .(j), <5) is a cochain subcomplex of (G*(23 m]Q ), <5) and denote the inclusion map by i a , a - The quotient 
map j«^: (G*(03 m , a ), d) -> (C, (».,„), d) is defined by j a ' CT (&„ l/3 ) = &„ l/3 if & s , ff C & ni/3 and 'j a ' a (b n , ) = if 
&s,o- 5^ &n,/3- V,a and j Q '°' are dual to each other. 

The reduced cohomeology and homeology spectral sequence of 03 ^ over G satisfy that 
# m ' n (23x;G) = e6 m , ae ^^"(23 m , a ;G), (H*'*(<B K - G), A ) - (© 6m , ae <B* #*(03 ro , a ;G), A ), 
H° lin (% K ;G)=®b m , a ex IC H n (<B m , a ;G), «»(23 K j G),Z?°) - (e 6m , aeSi , F*(03 m , a ;G),.D ), 
where differentials are defined as follows. Denote x £ 7f*(23 TO]Q ,; G) by [x] a £ ®b m , M eSjc H*(fB mili ; G), then 
Ao([x] a ) = ^2 a [(x; cti][i^ a .(x)) ai , where a* is taken over all faces & m _i )C « 4 °f b m ,a- Denote y £ -ff*(23 m . Q ;G) 
by [j/] a £ ©6 miM e<B K #*(«8 m , M ;G), then Z>°([y] a ) = £^. [a; /fy ][?'"' ' '(sOl/V where /3j is taken over all blocks 
bm+i,fy such that b mja C b m+ ij r 

The cohomeology and homeology spectral sequence of 03 k over G satisfies that 
-ffo ' (23 if! G) — ®b m , a eSic -ff"(03 m]Q ;G), (H ' (03^; G), A ) = (©6 mc>e <B iC , m >_i if*(03 TOjQ ; G), A ), 
F^„(03x;G) =© 6m!ae <8 K #„(23 m , a ;G), (^%(23k;G),£>°) - {® bm , a e<B K , m >-i H.(» m , a ;G),D°), 
where differentials are just the restriction differentials of the reduced case such that b-i t <f> is not allowed in 
the formula. 

For any n^O, there are exact sequences 

-► H°' n (<B K ; G) -»• #°' n (03 K ; G) -► #"(#; G) -► ff- 1 ^©*; G) -»• 
-»■ F_i,„(03x; G) -»■ ff„(03 K ; G) -4 F ,n(#; G) -»• #o,n(03^; G) -> 
andi7 s >"(03K;G) =^"(03x;G), iJ s ,„(03x;G) =^„(03k;G) if s>0. 

Proof By definition of horizontal filtration just as Theorem 1.4. But the proof here is more direct and 
docs not need the isomorphism g in the proof of Theorem 1.4. 

Theorem 1.10 Let 03 #- be a block complex of a simplicial complex K. Then for all Abellian group G 
and all integers r, s, £ with r > 0, 

H^*(fB K ; G) = #••*(#; G), F*'*(03k; G) = #*■*(#; G), 

#r it (»*; G) - flj it (tf; G), fll it (»«r; G) = flj it (tf; G). 
The cohomeology spectral sequence Hp f (K] G) and the homeology spectral sequence H r st (K] G) respectively 
converge to the cohomology group H*(K; G) and the homology group H*(K; G). The reduced cohomeology 
spectral sequence H^iK^G) and the reduced homeology spectral sequence H* t {K;G~) converges to G (at 
degree 0). Hp\K;G), Hp\K;G), H r st (K;G), H r st {K;G) (r > 0) are all homeomorphism invariants of the 

polyhedron \K\. Thus, for a polyhedron X, # r s '*(A;G), H^(X;G), HJ ;t (X;G), HJ ;t (X;G) (r > 0) are 
defined to be the corresponding group of any of its triangulation. 

Proof We only prove the unreduced cohomeology case . Other cases are similar. 

Define (T<g*(K), A) to be the double subcomplex of (C»(K), d)®(C* (03k) j S) generated by all a®b m ^ a such 
that a £ b m . a and the group homomorphism j : T*'*(K) — > T^*(K) by j{o®t) = <J®b m , a if r G b m ^ a —db. ma 
and \t\ = m, j{<t®t) = if t G b mta —db ma and \t\ < m. It is easy to check that j is a double complex 
homomorphism. The horizontal filtration also induces a cohomeology spectral sequence H*'*(T^*(K); G) and 
so j induces a spectral sequence homomorphism j r : H*'*(K; G) — > H*'*(T^*(K); G). Consider 

J0 : H*'*(K;G) = (S aeK -mH*(lmk K a;G) -4 H* >*{T^*{K);G) = © ffe K-M#*(G*(i? ff )®G,5), 
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where (C*(B a ) 1 5) is the cochain subcomplex of (C*(*Bk),&) generated by *B CT = {6 m , a | a G b m ^ a }. 
b m .a S S ff , define 6^ Q = {r G linkif cr | crUr G b ma \ = linkfc ma cr. By definition, b^ a is a triangulation 
of disk D" 1 -^- 1 with b a ma ~db a ma = {t G \mk K a\crUT G 6 m:Q -96 m , Q }. So <B^ = {b a m a } is a block 
complex of link^cr which is in 1-1 correspondence with *B CT . There is a monomorphism i<s> : (C '* (*B^-), d) — > 
(C*(lmkK cr), d) defined by that for every block b m . a G 25^, i<s' {b m ,a) — X CT with cr taken over all positive 
chain m-simplexes of b m%a . It is known that i<£> induces a homology isomorphism. Dually, there is an 
acyclic cochain subcomplex (J*(5B^),#) of (G*(link/fcr), <5) such that the quotient cochain complex is just 
(C*(*B^),(5) with the quotient map j<s^ : (C* (link^ a), S) — ► (C*(58^),<$) defined by that 3<&'{t) = b m , a if 
r G 6^ a — db a m a and |t| = m and that jos' (r) = if r G bf n a —dbf na and |r| < m. j<£^ induces cohomology 
isomorphism. Since (j Q~ 1 )\c (Hnk K a) = ]<£>' (<? as i n the proof of Theorem 1.4), jo is an isomorphism. So 
] r : H;*(K; G) -» H;-*(T^*(K); G) is an isomorphism for all r > 0. 

Define monomorphism ip: (T*'*(!B^),A) — > (T^*(K),A) by that ip(b m . a (g)b n ,p) — ^2cr®b n ^ with cr 
taken over all positive chain m-simplexes of b ma . Denote the quotient double complex by (U^*(K), A). 

From the short exact sequence of double complexes — ► T*'*(*8k) — ► T^*(K) —> U^*(K) — > we have 
that the cohomcology spectral sequences induced by the horizontal filtration of the three double complexes 

satisfy that -> H*'*{<S K ); G) H #*'*(T*'*(tf);G) ^ H*>* (U^* (K); G) -> is still exact. If we have 
Hi'*(U?g*(K); G) = 0, then from the long exact sequence of _ffi-term induced by the Ho-term we have that 
■01 is an isomorphism and inductively, tp r : H*'*(*&k] G) — > H*'*(T^ {K); G) is an isomorphism for all r > 0. 
Thus, {jr)' 1 ^- H;>*(<B K ;G) -> H*>*(K;G) is an isomorphism for all r > 0. 

Now we prove H*'* (£/<g* (K); G) = 0. Define 03}*? = Ub m a e t &K.rn^nb m ,a and the filtrations on (Hq'*, Aq) 
as follows. F n (€) is the subgroup of Hq'*(€) generated by all [x} a such that a G 03}^ (a C 03}*? if a is a 
block), where € represents (03_r-;G), (T^'*(.K"); G) or (U^*(K);G). So we get a spectral sequence F™> s '*(<£) 
converging to -/?]"'*(£). By definition, 

F ™'"' (03k;G) = ©6 n , a e«8K--ff^ )a , #*„ = ^*(®«."' ( 5' 
F ™' s ' (Tgj' (-£Q;G) = ©|<7|=s,o-e6„, a -a6„, a H^, iJ* = i/'(Q3„, Q ;G). 
The differential 0Ao of _F *'*'* satisfies that 0Ao([a;]b n a ) = and 0Ao([y] CT ) = XJ* 7 ! ""iHj/UiJ where a G 
b n ,a—dbn ta and <7j is taken over all (|c| — l)-faces of cr such that &{ G b n>a —db n _ a . Thus, 
(F*'*'* (<8 K ;G), 0A O ) = (© b „, Qe < 8iC ,„>-ii?*( < B„,a;G),0Ao) (0Ao =0), 

(F*'*'*(T* > *(lir);GO,0Ao) = e6 B . o e!8 Jf ,n>-l(a(Va,^,a),d)®Ja r *(»n,a;G). 

Since H*(b n , a ,db n , a ) = Z, the homomorphism (^0)0 : (F% '*'*(<& k\ G), 0A o ) -»■ (F o *'*'*(T^*( J Ff);G),0A o ) in- 
duces a cohomology isomorphism of Fi-tcrm. So from the long exact sequence of .Fi-term induced by the Fq- 
tcrm we have that F 1 *'*'*(E/£*(.K'); G) = 0. So F*'*'*(U^*(K); G) = for all r > and H^*(U^*(K); G) = 0. 

From the vertical filtration £„ = © t ^„T* ! *(iir) of T*'*(K), we get a spectral sequence (£y'*(.K'),d r .) with 
a r : £;;■' -> ^+^*+-+i. By definition, "(£*'* (if)® G, 9) = (© aeK _ {0}j ff»(2 CT ; G),d) = (C*(K)®G,5). So 
E°'*(K;G) = H*(K;G) and E S X '*{K;G) = if s > and the spectral sequence collapse from r > 1. Thus, 
H*(T*'*(K) G, A) = H*(K; G) and the cohomeology spectral sequence converges to H*(K; G). 

From the vertical filtration i£ n = ®tj„T*''(if) of T*>*(K), we get a spectral sequence (E^tK), d r ) 
with^<9 r : £;■' -^ ^+r,t+r+i_ By dcfinitionj (E*>*(K)®G,d) = (0 (Te K^(2 <J ; G),9) = F_i({0};G) = G 
So 2?]/ (K;G) — G and S*' (K;G) — otherwise and the spectral sequence collapse from r > 1. Thus, 
H*(T*'*(K) (g) G, A) = G and the reduced cohomeology spectral sequence converges to G. 

To prove that 7J^'* are homeomorphism invariants, we need only prove Hp t {S a {K)\G) — H r st (K]G) 
for any stellar subdivision S^ on K. Take a block complex *&s a (K) on S a (K) (\a\ > 0) as follows. The 
blocks of i & Sa i K \ is in 1-1 correspondence with the simplexes of K. Denote by b T the block corresponding 
to r G K. Then b T — 2 T if a is not a face of t and & T = S a (2 T ) if cr c r. It is obvious that the 1-1 
correspondence 6 T — > 2 T from QSg^Cif) to the trivial block complex ^B^c induces double complex isomorphism 
(T*'*(5Bg (r cr-))) A) = (T* , *( $ 85f), A). So the cohomeology spectral sequence is a homeomorphism invariant. 

For two simplicial complexes K and L, their join is the simplicial complex K * L — {ctUt | aEK, rGi} (U 
is the disjoint union) and their disjoint union is the simplicial complex K U L = {<fi} U (K— {<fi}) U (L— {</>}). 
Their Cartesian product Kx lis the simplicial complex defined as follows. Suppose the vertex set of K is 
S = {v\, • • • , v m } and the vertex set of L is T — {w\, • • • , w n }. The vertex set of K x L is S x T and a 
fc-simplex of if x L is of the form {(«,!, Wj r ), • • • , (wj fe , Wj^)} such that i s ^ i s +i, j s ^ js+i for s = 1, • • • , k— 1 
and {«»!,-•• ,Wj fc } G ■K', {wjj,--- ,Wi fc } G L (canceling repetition). If *8k and *8l are respectively block 
complex of K and L, then their product block complex ^Bkxl oi K x L is the unique block complex satisfying 
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that *B K xL-{<P} = (*Bk— {>}) x (93 L — {>}) and |(6 m , a ,&n,/s)| = |6 m>Q | x |&„ )/3 | for all 6 m , Q G <B K -{(f>} and 
6n,/3 e 33l-{0}. 

Theorem 1.11 Let if, L and 2Jk, Q3l be as above. Then 

(T*'*(KUL),A) = (T*'*(AT),A)e(T*'*(L),A), 

£- 1 (T*>*(.K'*.L),A) = (T*'*(if),A)<g>(T*>*(L),A), 

(T*'*(»jf Xi ),A) = (T*>*(8jO,A)®(T*'*(®i),A), 

(T.,,(KUL),fl) = (T^(if),D)e(T^(L),D), 

E- 1 (T.,.(lif*L),D) = (T^(K),D)®(T^(L),D), 

{T.,*(<8kxl),D) = {T* t .(<8 K ),D)®(T. >t (*8 L ),D), 

where S _1 means lowering the bidegree by (—1,-1). The product isomorphism induces external product 

x: Hp*{K;G) <g> Hp*{L;H) -*• H*>*(KxL;G®H) 

x : #;*(#; G) F;,(L; if) -4 HljKxL; G®H) 
for all Abellian groups G, H and all r ^ 0. External products are bilinear. 

Proof The union equality needs the conclusion linkx*L < t *t = link^cr * linker. Everything else is by 
definition. 

Theorem 1.12 A simplicial complex K is Cohen-Macaulay of dimension n if for all simplexes a G K, 
^(linkxc) = for all t ^ n— \<r\— 1. For such a simplicial complex K, its reduced cohomeology spectral 
sequence over an Abellian group G satisfies that for r = 1, • • ■ , n— 1, the double complex (H*>*(K\ G), A r ) is 
as follows. 

jrn.n Tjn,n 

jrr.n TJT,n 

/ 
pr-1,0 _ fj-!, ET— l,n-r _ rr- l>«-i" 

where^all other #*'*(#; G) = and A r : H^ n (K;G) -4 H n - r (K;G)^H-^ n - r (K;G) is an isomorphism. 
A„: H%> n (K;G) -4 H- lfi (K;G) is an epimorphism with kernel G and H^{K;G) = G, H s / +l {K\G) = 
otherwise. The reduced homcology spectral sequence satisfies that for r = 1, • • • , n— 1, the double complex 
{Hl^{K;G),D r ) is as follows. 

rrr tr 

"n,n ~ "ra,n 



jrr rr 

r,n "r,n 



D r 



Trr rxO tit trO 

"-1,0 ~~ -"-1,0 '■' "-l,n-r — "-l,n-r 

where all other H r 8 ^ t {K;G) = and 5 r : H n _ r (K; G)=H r _ hn _ r {K;G) -*• H^ n (K;G) is an isomorphism. 
D" : H r l 10 (K; G) -> H^ n (K; G) is an monomorphism with cokernel G and H^+\K; G) = G, H^{K\ G) = 
otherwise. 

Proof By definition H^(K;G) = if s ^ -1 or i ^ n and A r : #«■' -4 H°- r - 1 ' t ~ r . The conclusion is 
obvious. 

Remark The homomorphism A r : H r ' n (K) -4 H n - r (K;G) and Z) r : H n _ r (K;G) -► H r ,n( K ) for r = 
1, • • • , n in the above theorem is a generalization of Lefschctz duality theorem to Cohen-Macaulay complexes. 
For if if is the triangulation of an orientable n-dimensional connected manifold M with boundary, then 
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Hq ' (M; G) = H k (M; G) and we have the following commutative diagram of groups 

H%' n {K) -^-> H^ n (K) -^%...^% H^ n (K) -^% H- hn (K) = Z -4 

fn I fn-1 I foi 

C n (M,dM) > C n -i{M,dM) — >• — ► C {M,dM) ->• 

where all /j, i > is an isomorphism and /o is an epimorphism. So H k,n (K; G) = Hf.(M, dM: G). Similarly, 
H k . n (K;G) = H k {M,dM;G). 

In the following, we compute (co)homcology groups of some polyhedra. 

A 0-dimcnsional simplicial complex Ao is Cohen-Macaulay of dimension 0, so H^'°(Kq;G) = G and 
Hpt^KoiG) = otherwise for all r > 0. A pure 1-dimensional simplicial complex K\ (graphs with no 
isolated vertex) is Cohen-Macaulay of dimension 1, so H}> l {Ki]G) — G and H^iK^G) = otherwise for 
all r > 0. Both the n-disk D n and the n-sphere S n are Cohen-Macaulay of dimension n, so H™' n (D n ;G) = 
H?> n (S n ; G)=G and #*>*(£>"; G) = H s ^(S n ; G) = otherwise for all r > 0. As an application, cohomeology 
group distinguishes disks of different dimension, i.e., D n ^ D m if to ^ n. 

Let C n X be the join of A with the 0-dimensional simplicial complex with n isolated vertices (C\X = CX, 
CjX = SX). By Theorem 1.11 and Kiinncth Theorem, H? +1 > t+1 (C„X; G) = #*'*(XjG) for all s,t > and 
H s /{C n X;G) = if s = -1 or t = -1 for all r > 0. Specifically, Hp*{G s X;G) = Hp*{SX;G). G 3 A and 
SA V SA have the same homotopy type. But in general, H*'*(SX V SA; G) ^ H*'*(C 3 X; G). For example, if 
A = 5", then H n+1 > n+1 (SX V SX) = Z©Z and H n+1 > n+1 (C 3 X) = Z. This shows that reduced cohomeology 
groups are not homotopy invariants. 

A contractible polyhedron A satisfies Hp t (X;G) — Hp t (X;G) for all r,s,t with r > 0. Cohomeology 
group distinguishes contractible polyhedra by their dimension. Let D m U^t D n be the contractible polyhedra 
defined as follows. Let <fri : D k —> D m and 02 : D k — > D n be the embedding of D k into the boundary 
of D m and D n . D m U Dk D n is the quotient space D m UD n / ~ with 0i(x) - fa(x) for all x e D k . If 
jfc+1 < min(m,n), H s ^(D m U D k D n ) = Z for (s,t) = (m,m), (n,n), (k, jfc+l) and H s ^(D m U D k D n ) = 
otherwise. If fc+1 = to < n, H n ' n (D m U D k D n ) = Z and H s ^(D m U D k D n ) = otherwise. 



2. Homeotopy and homeotopy type 

Definition 2.1 A simplicial map /: K — > L is solid if for all simplex a G K, |/(er)| = <r|. 

It is obvious that identity maps, inclusion maps from a simplicial subcomplex to the simplicial complex 
and composite maps of solid maps are all solid. 

Theorem 2.2 Let /: K — > L be a solid map. Then / induces double complex homomorphism 

./»: T*,*(A) -> T*,*(L), /„: f„(A) -> f„(L) 
and so homomorphisms 

/I : FI ,(A; G) -4 #;,(L; G), /; : #;,(#; G) -»• #;,(L; G) 
for all Abellian group G and r ^ that satisfy the following. 

1) The identity map Ik induces identity isomorphisms 1 : HI *(K; G) -4 HI *(K; G) and 1 : HI _(A; G) -4 

2) The composite of solid maps induces the composite of induced homomorphisms, i.e., {gf) r t — glfl and 

(<?/)* =9lf*- 

Dually, / induces double complex homomorphism 

/* : T*>*(L) ->■ T*^*(A), /* : T*-*(L) ->■ f*'*(K) 
and so homomorphisms 

/; : F r *-*(i; G) -»• i7 r *^*(A; G), /; : F r *>*(L; G) -4 F r *'*(i^; G) 
for all Abellian group G and r ^ that satisfy the following. 

1) The identity map 1 K induces identity isomorphisms 1 : H*'*(K; G) -4 H*'*(K; G) and 1 : H*'*(K; G) -4 
H*<*(K;G). 
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2) The composite of maps induces the adverse composite of induced homomorphisms, i.e., (<?/)* = f,*g* 

and (gf); = J*g* r - 

For a commutative ring R and a fixed order on the vertex set of K, there is a cup product 

u: h;*(k-r)®h;*(k-r) -+Hp*{K-,R) 

that makes H*'*(K; R) a graded commutative algebra over R for all r ^ 0, where graded commutative means 
for all x £ Hp* and y <E 77* '* , xUy = (— l)( s +*)( s +* ~>y\Jx. For an order-preserving solid map /: K — > L, the 
induced homomorphism /* : H**(L; R) — > H*'*(K; R) is an algebra homomorphism for all r Js 0. The algebra 
structure of H*>*(K;R) and algebra homomorphism /* are independent of the order of the vertex set when 
r > 0. 

Proof For [v , ■■■ , v m ]®[vo, ■ ■■ , v m ,v m+ i, ■ ■■ , v m +n] <E T* t *(K), define 

/*(fao, •■■ ,V m ](E)[v ,--- ,V m+n ]) = [f(Vo),--j ^f(v m )]®[f(Vo),--- ,/(fm+n)] : 

It is obvious that for solid map /, D/* = /*D and 7)/* = /*D. Dually, A/* = /*A and A/* = /*A. 

The cup product is the composite U : H*>*(K;R)®H*>*(K;R) A H*'*(KxK;R®R) A H*'*{KxK;R) % 
H*'*(K; R), where /x is the product map of R and A is the diagonal map that is solid. In fact, we have a formula 
for the cup product. Suppose the vertex set of K is S — {vi, ■ ■ ■ ,v n }. Then any chain simplex can be written 
in a unique way [vi , ■ ■ ■ ,Vi k ] such that io < ■ ■ ■ < ik- Such a chain simplex is called an ordered simplex. Then 
for [vi m , • • • ,Vi m ]®[vj , • • • ,Vi k ], [vj n , • • • ,Vj n ]®[vj , ■ ■ ■ ,Vj t ] e T*'*(K) with all chain simplexes ordered, 



(-i) kt h ma ,- 

(-i) fct k 
(— lyt+kt+kUy 

(— i) st + kt + kl \ v 



■ >V ik ])U([Vj no ,--- ,Vj nt ]®[Vj ,--- ,Vj,]) 

>Vi ma ,Vj no ,--- ,Vj nt ]®[v io ,--- ,Vi k ,v h ,--- ,v jt ] if ik = jo, m s = k, 

< v i m s>Vjn r-- ,v jnt ]<S>[v l0 ,--- ,Vi k ,Vj lt --- ,v n ] if i fe = jo, n = 0, 

*j ret > w i mo > • ' ' >v ime ]®[vj ,- ■ ■ ,v jt ,v ilt - ■ ■ ,v ie ] if ji = i , n t = i, 

J,,,,- - > V jn t > «i mo > • • • > V »mJ®K>>"- ,^t,«»l,--- ,«».] if Ji = «0) m = 0, 

otherwise. 



>0 ; 



It is easy to check that the cup product makes (T*'*(K), A) a differential graded algebra that is natural with 
respect to order-preserving solid map. Other conclusions are easy direct checkings. 

Definition 2.3 Let X and Y be two polyhedra. Two maps /o, /i : X — ► Y are homcotopic, denoted by 
/o ~ /i i if they satisfy the following. 

1) ji is the geometrical realization map of solid map /j : Ki —¥ Li, i = 0,1. So 7Q is a triangulation of X 
and Li is a triangulation of Y . 

2) There is a triangulation if of IxX such that 7Q is a triangulation of {i}xX and a simplicial subcomplex 
of K , i = 0,1. Denote the inclusion map from Ki to K by 4n- 

3) There is a triangulation L of IxY such that 7j is a triangulation of {i} xY and a simplicial subcomplex 
of L, i = 0,1. Denote the inclusion map from Li to L by ipi- 

4) There is a solid map 77: 7f — > 7 such that 77 (/>i — tpifi, i = 0,1. 77 is called a homeotopy (map) from 
/o to ,/i. 

Theorem 2.4 Homeotopic relation is an equivalence relation. Homeology group H% t (— ;G), reduced 
homeology group H^ Sf (—;G), cohomeology group 77*'*(— ;G) and reduced cohomeology group 77*'*(— ;G) 
are homcotopic invariants for all Abellian group G, i.e., homcotopic maps have the same induced (reduced) 
(co)homeology group homomorphism. Cohomeology algebra 77*'*(— ;7?) over a commutative ring R is also a 
homcotopic invariant. 

Proof To prove / ~ /, we have to prove that for any two /o, /i with the same geometrical realization map 
/, /o ps f±. If /o = /i, the homeotopy is obvious. If /o ^ /i, we need only prove the case /i is obtained from 
/o as follows. Suppose /o : -Ko — > 7o an d cr G io. Since /o is solid, all the simplexes t\, ■ ■ ■ , r„ of T^i such that 
/(tj) = <t satisfy that \n\ — |cr|. Then /i : ^(^ • • (S , rn (ii'o) ■ ■ ■ ) ~ ^ S'cr(Lo) is the only simplicial map that has 
the same geometrical realization with /o. Let I\ be the triangulation of / with two vertices 0, 1 and one edge. 
Then r» = {l}xTi and o = {l}xcr arc all simplexes of I\xKq. H : Sr t {- • • (Sr n (hxKo) • • • ) — > S^(IixL ) is 
defined by that H(i, v) = fo(v) for all vertex v € Kq and i — 0, 1 and -ff (1, Wi) = w for all the new vertex icj 
of S Ti (Ko) and d is the new vertex of S a (Lo). H is obvously a homeotopy from /o to /i. Suppose /o ~ ,f\ 
with _ftTi, L^ K, L, H as in the definition. Define K~ = K\_i, LJ l = L\_i, K~ x is isomorphic to K by the 1-1 
correspondence (t,x) — > (1— t, x) of IxX, L^ 1 is isomorphic to L by the 1-1 correspondence (t, y) —J- (1— t, y) 



as 



of 7x7, F" 1 ^,^) = ff(l-i,a;) (geometrical realization). Then f x w / with Kr x ,Lt x ,K~ X ,L~ X ,H 

in the definition. Suppose /o w /i with Ki, Li, K, L, H as in the definition, i = 0, 1 and /i w /2 with 
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Ki, Li, K' , L', H' as in the definition, i = 1, 2 and the vertex set of K, K', L, V are respectively S, S', T, T". 
Define the triangulation M of IxX and the triangulation N of Jx V with respectively vertex set £/ and V by 

U = {(|t, x) | (£, x) G 5 } U {(| + |t, x) | (t, x) G §' }, 

T/ = {(it,x) | (t,x) € f }U {(i + \t,x) I (t,x) G f'}. 
Define (H*H')(t,x) = H(2t,x) if < t s$ \ and {H*H'){t,x) = H'(2t-l,x) if | < t < 1. Then / « / 2 with 
-Koj if 2, Lq, L2, M, N , H*H' as in the definition. So homcotopic relation is an equivalence relation. 

The conclusion that (co)homeology groups are homcotopic invariant is a corollary of the following theorem. 
The reduced (co)homeology groups case naturally follows from the unreduced case. 

Theorem 2.5 Let K,L,K,Lbe respectively triangulation of X, Y, IxX, IxY. $ : K — >• L and / ' : K — > L 
are solid maps such that $0 = ipf, where 4>: X—{0}xX — > IxX and ip: Y={0}xY -4 IxY are inclusion 
maps. Then the induced (co)homeology group (over any Abellian group) homomorphism of $ and / satisfy 
that $* = i*xf* and $J = uxfl from r > 0, where 1 is the generator class of H\^\(I) — H\ 1 (I) and 1* is the 
dual class of t and x is the external product H^(I)^>H^(Y;G) -4 Hl^{IxY;G) and H*'*{I)®H;>*{X;G) -4 
Hp*(IxX;G). 

Proof Define 1-dimcnsional simplicial complex /„ (n>0) as follows. The vertex set is {wi | i = 0, 1, ■ • •, n), 
the edge set is {{vi, «i+i} | % = 0, 1, • • • , n— 1}. Then {/„} is the set of all triangulations of 7. H s ^(I n ) = if 
(s, t) 7^ (1, 1) and i?i ; i(/„) = Z with generator class represented by [</>]{«; ,t, i+1 } for any ^ i < n. This implies 
that any solid map from I m to I n induces identity isomorphism of homeology groups. So by Theorem 1.11 
and Kiinneth theorem, for any polyhedron Z and solid map g: I —$■ I, the map gxlz : IxZ — ;> IxZ induces 
identity isomorphism of homeology groups HI JJ.xZ; G) for all Abellian group G. 

Define 0K to be a triangulation of IxX such that K is a simplicial subcomplex of 0K with \K\ = [i, 1] x X 
and that I\xK is a simplicial subcomplex of 0K with |/ixif = [0, |]xX. 0L is similarly defined. Then we 
have the following commutative diagram of simplicial maps. 



K 


'±' 


L 


H 




H 


0K 


0<I> 


oL 


it 




it 


hxK 


ix^ 


hxL 



where i,i,j,j are the inclusion maps. The geometrical realization map of the above diagram is 

IxX -^ IxY 

IxX — ► ixr 

giXlx T JlXly t 

/xl 1^4 IxY 

where 50 (t) = ^ (1+t) and g'i(t) = \t for all t E I. By the above conclusion, all the vertical maps induce 
identity isomorphisms. If simplicial maps that have the same geometrical realization map have the same 
induced homeology group homomorphism, then the homeology group homomorphisms induced by i,i,j,j are 
all identity isomorphisms and so 3>£ = (lx/)£ = ixfl- Now we prove that simplicial maps that have the same 
geometrical realization map have the same induced homeology group homomorphism. We need only prove the 
case /1 is obtained from /o as in the proof of / « / of Theorem 2.4. This case is obvious. 

Definition 2.6 Two polyhedra X and Y are homeotopic equivalent, or have the same homeotopy type, 
denoted by X ~ Y , if there are geometrical realization maps of solid maps / : X — > Y and g : Y — > X such 
that gf ~ lx and fg w ly. /is called a homeotopy equivalence from X to Y". 

Homeotopy type is a coarser relation than homeomorphism. For example, the following two graphs are of 
the same homeotopy type but not homcomorphic. 



Q. ZHENG, F. FAN 





/: X — Y Y is defined by f{v{) — Wi for i = 1,2,3 and /(wo) = W3- g: 1" — s> X is the inclusion g(wi) = Vi 
for i = 1, 2, 3. The homeotopy from lx to <?/ is shown in the following picture, where the homeotopy extends 
the identity of the triangle cylinder by maping the left two simplexes 1 and 2 respectively to the right two 
simplexes 1 and 2. 





v 2 v 2 

Homeotopy type is finer than homotopy type. For example, D n and D m (m ^ n) are not of the same 
homeotopy type since they have different (co)homeology groups. But they are of the same homotopy type. 
Another example is C^S" and S n+1 V S n+1 (see the examples in the end of the previous section). Just like 
that (co)homology group is the convergence group of (co)homeology spectral sequence, homotopy relation is 
the limit of homeotopy relation in the sense of the following theorem. 

Theorem 2.7 For a map /: X — > Y, its graph is the map f:X—> XxY defined by f(x) = (x,f(x)) 
for all x e X. If / is the gemeotrical realization of a simplicial map, then / is a solid map. If /, g are both 
gemeotrical realization maps, then / ~ g if and only if / « g. 

Proof Suppose / is the geometrical realization of / : K — )■ L. The vertex set of L is {wx, • • • , w n , • • • } and 
the vertex set of K is {v\, • • • , v m } such that there are 1 ^ i\ < i% < ■ ■ ■ < i n -\ < i n = to with f(i>j) = Wk 
for j = ifc_i+l, • • • ,ifc (io — 0). / is an order preserving map and so /: K — > KxL is a solid map that maps 
the ordered simplex {v Ul , ■ ■ ■ ,v Us } of K to the ordered simplex {(v Ul , f(v Ul )), • • • , (v Us , f(v Us ))} of KxL. 

Suppose / ~ g, then there is geometrical realization homotopy h: IxX — > Y from / to g. The graph 
h: IxX — > IxXxY is just the homeotopy from / to g. Conversely, if / « g and h: IxX -> IxXxY is the 
homeotopy from / to g, then h — ph is the homotopy from / to g, where p: IxXxY — > Y is the projection 
map. 

Theorem 2.8 Let /: X — > Y be a geometrical realization map and G be a module over the commutative 
ring R, then / induces on the bigraded group H*'*(X;G) a bigraded module structure over the bigraded 
algebra H**(Y; R) for all r > 0. If / ~ g, then they induce the same module structure on H*'*(X; G). 



Proof The product map of the module is the composite of the following 

H*<*(X;G)®H*<*(Y;R) -2+ H*-*(XxY;G®R) -£» H* r >* {X xY ■ G) ^ H*'*(X;G), 
where fi is the module map of G. By Theorem 2.7, homotopic maps induce the same module structure. 



This theorem shows that for any continuous map (need not be a geometrical realization map!) / from 
polyhedron X to polyhedron Y, the module structure of H*'*(X;G) over H*'*(Y; R) induced by / can be 
defined. By the simplicial approximation theorem, we need only define the module structure to be the one 
induced by any geometrical realization map homotopic to /. 
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